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STABILITY OF TWO GENERALIZED 3-DIMENSIONAL
QUADRATIC FUNCTIONAL EQUATIONS

SUN-SOOK JIN* AND YANG-HI LEE**

ABSTRACT. In this paper, we investigate the stability of two func-
tional equations

Flaz+by + cz) — abf(z +y) — bef(y + =) — acf(z + 2) + bef (y)
—afa—b—c)f(z) - b(b — a)f(—y) — elc — a — b) f(2) =0,
flaz+by + cz) + abf(x —y) + bef(y — z) + acf(z — 2)
—ala+b+0)f(@) = bla+b+)f(y) - cla+b+c)f(z) =0
by applying the direct method in the sense of Hyers and Ulam.

1. Introduction

In 1941, Hyers [3] gave an affirmative answer to Ulam’s stability prob-
lem of the group homomorphisms[9] for additive mappings between Ba-
nach spaces. Subsequently many mathematicians dealt with this prob-
lem (cf. [1, 2, 8]).

A solution of the functional equation

(1.1) flx+y)+ flx—y)—2f(z) —2f(y) =0

is called a quadratic mapping. Now we consider the following functional
equations

flax +by +cz) —abf(z +y) —bef(y + 2) —acf(z + 2) + bef (y)
(1.2) —ala—b—c)f(x) —blb—a)f(-y) —clc—a—-b)f(z) =0
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and

flaz + by +cz)+abf(z —y) + bef(y — 2) + acf(z — 2)

(1.3) —ala+b+c)f(x) —=bla+b+c)f(y) —cla+b+c)f(z) =0
for nonzero rational numbers a,b,c. The mapping f(z) = dz? is a

solution of these functional equations, where d is a real constant. The
authors [4, 5] investigated the stability of the equation (1.2) for the cases
a=b=canda=b=c= % and they [6] also investigated the stability
of the equation (1.3) for the case ¢ = 0 (see also [7]). Let a,b,c be
nonzero rational numbers.

In this paper, we will show that every solution of functional equation
(1.2) is a quadratic mapping and every quadratic mapping is a solu-
tion of functional equation (1.2) for the case a # b. In this paper, we
will show that every solution of functional equation (1.3) is a quadratic
mapping and every quadratic mapping is a solution of functional equa-
tion (1.3) for the case a # —b. Also we will prove the stability of the
functional equations (1.2) by using the Hyers’ method presented in [3].
Namely, starting from the given mapping f that approximately satisfies
the functional equation (1.2), a solution F' of the functional equation
(1.2) is explicitly constructed by using the formula

F(x):= lim fla"z) or F(z):= lim aQ"f(£>,

n—oo 2" n—o0 a™

which approximates the mapping f.

2. Stability of the functional equation (1.2)

Throughout this paper, let V' and W be (real or complex) vector
spaces, let X be a (real or complex) normed space, let Y be a Banach
space, and let a, b, ¢ be nonzero rational numbers.

For a given mapping f : V — W and, we use the following abbrevia-
tions

Qf(x,y) = flx+y)+ fle—y) —2f (=) — 2f(y),
Daopf(z,y) =
flaz +by) — abf(x +y) — (a® — ab) f(x) — (b* — ab) f(~y),
Dapef (2,5,7) =
flax + by +cz) —abf(x +y) —bef(y + z) — acf(x + )
—ala—b—c)f(x) =b(b—a)f(—y) +bcf(y) — clc —a—0b)f(z),
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Eopf(z,y) :=
flaz +by) + abf(z — y) — (a® + ab) f(z) — (b* + ab) f (y),
Bupef(w,9,2) =
f(az + by + c2) + abf(x — y) + bef(y — =) + acf(z — 2)
—aa+b+)f(x) —bla+ b+ o) f(y) — cla+b+ ) f(2)
for all z,y,z € V. As we stated in the previous section, a solution
of Qf = 0 is called a quadratic mapping. Now we will show that f

is a quadratic mapping if f is a solution of the functional equation
Dopcf(x,y,2) =0forall z,y,z € V.

LEMMA 2.1. [6] Let a and b be fixed nonzero rational numbers with
a+b+# 0. Amapping f : V — W is a solution of the functional equation

Ea,bf(iva y) =0

(with f(0) = 0 when a® + ab + b® = 1) if and only if f is a quadratic
mapping.

From the above lemma, we easily obtain the following lemma.

LEMMA 2.2. Let a and b be fixed nonzero rational numbers with
a#b. A mapping f:V — W is a solution of the functional equation

Da,bf(za y) =0

(with f(0) = 0 when a® — ab + b*> = 1) if and only if f is a quadratic
mapping.

Since the authors [4] showed the stability of the equation (1.2) for
the cases a = b = ¢, we need to prove the stability of the equation (1.2)
for the cases a # b or b # ¢. We can assume that a # b without loss of
generality from the symmetry of a and c.

LEMMA 2.3. Let a,b and ¢ be nonzero rational numbers such that
a # b. A mapping f : V — W satisfies the functional equation
Dopef(z,y,2) = 0(with f(0) =0 when a® + b*> + > —ab—bc—ac=1)
if and only if f is a quadratic mapping.

Proof. If a®? + b> + ¢* — ab — bc — ac # 1, then (1 —a? — b? — % +
ab + bc + ac) f(0) = Dgp.cf(0,0,0) = 0 which means that f(0) = 0. If
f:V — W is a solution of the functional equation D,y .f(z,y,2) = 0,
then the equality Dgpf(x,y) = Dapcf(z,y,0) = 0 implies that f is a
quadratic mapping by Lemma 2.2.
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Conversely, let f : V' — W be a quadratic mapping. Then f(0) =
0, f(x) = F(—x), flax) = af(z), f(bx) = BPf(x), flex) = 2f(a),
Doof(z,y) = 0, and Dypf(x,y) = 0. By Lemma 2.2, we know that
f satisfies the functional equations Dgpf(z,y) = 0, Docf(z,y) = 0,
Dy .f(xz,y) = 0, where a, b, c are arbitrary different rational constants.
So we obtain the equality

Dabcf(x)yaz)
—Qf<ax+ by+2> Qf(a:c—i—C; C;)—Qf(y—i-c; CQZ)
— Qf(ax,by) + Doy f(z, +Dacf(x,z)+Db7cf(y,z)

+ flaz) + f(b )+4f( ")~ a¥f(x) — Bf(y) - E(2) =
for all z,y,z € V. ]
THEOREM 2.4. Let a,b and ¢ be nonzero rational numbers with a # b

and let ¢ : V3 — [0,00) be a function satisfying one of the following
conditions

o0
alx,aty,a'z
(2.1) Z‘p y ) < oo,
=0

z
2.2
for all x,y,z € V. If a mapping f : V — Y satisfies f(0) = 0 and

(23) ||Da,b,cf(1"aya Z)H < (,D(ZL',y,Z)

for all x,y,z € V, then there exists a unique quadratic mapping F' :
V — Y such that

(2.4)

If(z) = F(z)]| < {

o “"%;Zﬁ%m if p satisfies (2.1),
e a?p(=4,0,0) I ¢ satisfies (2.2)
forallz e V.

Proof. We will prove the theorem in two cases, either ¢ satisfies (2.1)
or ¢ satisfies (2.2).
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Case 1. Let ¢ satisfy (2.1). It follows from (2.3) that

n+m—1 ; ;
fra)  farm)| MY fatn)
a2 q2n+2m : a2 q2i+2
n+m—1 i
” - Da,b,Cf(a2x7 07 O)H
< Z q2i+2
n+m—1
o(a‘z,0,0)
(2.5) < Z g2z
forallz € V, n € N U {0} and m € N. So, it is easy to show that

{f(

} is a Cauchy sequence for all x € V. Since Y is

complete and f(0) = 0, the sequence {f (a” I)} converges for all z € V.
Hence, we can define a mapping F' : V — Y by

F(z):= lim fla'e)

n—oo @q2n

the sequence

for all x € V. Moreover, if we put n = 0 and let m — oo in (2.5), we
obtain the first inequality in (2.4). From the definition of F' and (2.3),
we get

Dapef(a"z,a"y,a"2)
a2n

HDa,b,CF(x7y7 )H - hm H

ax,ay,a"z
< lim 4 2y ) o,
n—oo a“n

ie, DypcF(x,y,2) = 0 for all ,y,z € V. By Lemma 2.3, f is a
quadratic mapping. To prove the uniqueness, we assume now that there
is another quadratic mapping F’ : V — W which satisfies the first
inequality in (2.4). Notice that F'(z) = F’é‘;:” for all z € V. Using
(2.1) and (2.4), we obtain

fa:c

2n

—F = i
(:L')H im .

n—oo
+n
p(a™z,0,0)
< Z
< lm ) = omie

o(a’z,0,0)
nl;ngoz s

=0

H fla"z)  F(a"x)

Tl—)OO '

IN
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for all x € V, i.e, F'(x) = limy o0 % = F(x) forallz e V.
Case 2. Let ¢ satisfy (2.2). It follows from (2.3) that

) -()
1(5) ()
Z a2i

n+m—1
T
: Da,b,Cf <az_~_17 07 0> H
=n

i=n
n+m—1 ‘ T

(26) S Z a2290<ai+1,0,0>

i=n
for all x € V, n € NU{0} and m € N. So, it is easy to show that
the sequence {a®" f(2)} is a Cauchy sequence for all € V. Since Y is
complete and f(0) = 0, the sequence {a?" f (%)} converges for allz € V.
Hence, we can define a mapping F' : V — Y by

F(z):= lim a®"f <;;>

n—o0

n+m—1

IA

for all z € V. Moreover, if we put n = 0 and let m — oo in (2.6), we
obtain the second inequality in (2.4). From the definition of F' and (2.3),

we get,
. r Yy =z
HDa7b7cF(:L‘7y7 Z)H :nh—{go a2nDa7b7Cf<an’ E’ an> H

for all z,y,2z € V ie., Dgyp o F(x,y,2) =0 for all z,y,z € V. By Lemma
2.3, f is a quadratic mapping. To prove the uniqueness, we assume now
that there is another mapping F’ : V' — W which satisfies the second
inequality in (2.4). Notice that F'(z) = a®"F’(%) for all z € V. Using
Lemma 2.1, (2.2), and (2.4), we get

a2 f (C‘;) — F'(z)

() (2)

lim
n—oo

= lim
n—oo
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o0
. , T
lim a2y -.0,0
n—00 4 5 aqntt
1=

oo
. 2, [ T
i S %o 700)
=n

=0

IN

IN

forallz € V, ie., F'(z) = limp 00 a®" f(L) = F(z) forallz € V. O

We easily obtain the following theorems by using the similar method
used in Theorem 2.4.

THEOREM 2.5. Let a,b and ¢ be nonzero rational numbers with a # b
and let ¢ : V3 — [0,00) be a function satisfying one of the following
conditions

e 7 7 7

(2.7) S A o,
l;()

(2.8) Zc%g)(;,gi,;) < 00

1=0

for all x,y,z € V. If a mapping f : V — Y satisfies (2.3) for all
x,y,z € V with f(0) = 0, then there exists a unique quadratic mapping

F:V =Y such that

| - g S0 mre(0,0,c'x)  if ¢ satisfites (2.7),
z)— F(z :

/(@) @)l < Yoo c%p(0,0, cz%) if @ satisfites (2.8)

forallz € V.

COROLLARY 2.6. Suppose that a, b, c are given as in Theorem 2.4 and
p,0 are positive real constants with p # 2. If a mapping f : X = Y
satisfies the inequality

[1Dapef @y, 2)| < O(]|” + [lyl[” + [[2]”)

for all x,y,z € X, then there exists a unique quadratic mapping F' :
X — Y such that

(2.9) Hﬂ@—F@MSmm{

for all x € X.

Oll=lP Ol }

la% —laf?|" |¢* — |cf?|
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Proof. First, consider the case |al,|c| > 1. If we put ¢(z,y,z) =
O(||z||P + |ly||” + ||z]|?) for all z,y,z € X, then ¢ satisfies (2.1) and (2.7)
when 0 < p < 2 and ¢ satisfies (2.2) and (2.8) when p > 2. Therefore
by Theorems 2.4 and 2.5, we obtain the desired inequality (2.9). For
the other cases, we can get easily the inequality (2.9) by the similar
method. O

3. Stability of the functional equation (1.3)

In this section, we will show that f is a quadratic mapping if f is a
solution of the functional equation E, . f(z,y,2) =0 for all z,y,z € V.

LEMMA 3.1. Let a,b and ¢ be nonzero rational numbers. A mapping
f V. — W satisfies the functional equation Eqy .f(z,y,z) = 0(with
f(0) = 0 when a® 4+ b?> + c® + ab + bc + ac = 1) if and only if f is a
quadratic mapping.

Proof. If a®> +b*+c*+ab+bc+ac # 1, then (1—a? —b? —c?> —ab—be—
ac)f(0) = Eup.f(0,0,0) = 0 which means that f(0) =0. If f: V = W
is a solution of the functional equation Eq . f(x,y, z) = 0 with a+b # 0,
then the equality E,,f(z,y) = Eqpcf(z,y,0) = 0 implies that f is a
quadratic mapping by Lemma 2.1. If f : V — W is a solution of the
functional equation Eqp . f(x,y,2) = 0 with a4+ b = 0, then the equality
ac(f(z) — f(=x)) = Eapf(0,—2,0) — Eqpcf(x,0,0) = 0 implies that
f(x) = f(—=x) for all x € V. Since a,b, ¢ are nonzero rational numbers
and a+b = 0, we know that a+c # 0 or b+c # 0. Without of generality,
assume that a+c # 0, then the equality E, . f(z,y) = Eqpf(2,0,y) =0
implies that f is a quadratic mapping by Lemma 2.1.

Conversely, let f : V. — W be a quadratic mapping. Then f(0) =
0, f(z) = f(==), flax) = a*f(x), f(bx) = V*f(z), flex) = *f(x),
Eq_of(z,y) =0, By f(z,y) =0, and E._.f(x,y) = 0. By Lemma
2.1, we know that f satisfies the functional equations E,;f(z,y) =
0, Eocf(x,y) =0, Epof(x,y) = 0, where a,b,c are arbitrary rational
constants. So we obtain the equality

cz cz cz cz
Ea,,b,cf(ﬁ,wa) = Qf al‘"‘*,by—l—f —Qf ar + —, —
2 2 279
272
+ Eycf(x,2)+ Epcf(y,2) =0
for all z,y,z € V. O

ey, (by L& ) — Qf(az,by) + Eapf(z.1)
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We will prove the stability of the functional equation (1.3) for the
case a + b+ ¢ # 0 in the following theorem.

THEOREM 3.2. Let a,b and ¢ be nonzero rational numbers with a +
b+c#0 and let ¢ : V3 — [0,00) be a function satisfying one of the
following conditions

iw ‘z, k’y,kz )

(3.1) < 00,
=0
2 pro( L Y =2
(3 ) ; 90(]{:’7/?1 k’t < 0

for all x,y,z € V, where k := a+b+c. If amapping f : V — Y satisfies
f(0) =0 and

(33) ||Ea,b,cf(x7y7 Z)H < gp(a:,y,z)

for all x,y,z € V, then there exists a unique quadratic mapping F' :
V — Y such that
(3.4)

1f(z) — F(a)]| < {

> iso W if ¢ satisfites (3.1),

Yoo k%go(kﬁl, T kﬁl) if ¢ satisfites (3.2)

forallxz € V.

Proof. We will prove the theorem in two cases, either ¢ satisfies (3.1)
or ¢ satisfies (3.2).

Case 1. Let ¢ satisfy (3.1). It follows from (3.3) that
. ”*i‘l | = Eapef (Kiz, kiz, kK'a))|

kzn k2n+2m k2t k2i+2

H f(k f(k" ) f(K'z)  f(k"*z)

’ n+m—1

D

i=n

: L2i+2
n+m—1 ; i
oK'z, kiz, k'x)
(3’5) Z f2i+2

for all x € V. So, it is easy to show that the sequence {f(:;;x)} is a
Cauchy sequence for all x € V. Since Y is complete and f(0) = 0,

the sequence {f (If;f )} converges for all x € V. Hence, we can define a
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mapping F': V — Y by

F(x):= lim LD

n—oo 21

for all z € V. Moreover, if we put n = 0 and let m — oo in (3.5), we
obtain the first inequality in (3.4). From the definition of F' and (3.3),
we get

for all x,y,z € V ie., E,pF(x,y,2) =0 for all z,y,z € V. By Lemma
3.1, F'is a quadratic mapping. To prove the uniqueness, we assume now
that there is another quadratic mapping F’ : V' — W which satisfies
the first inequality in (3.4). Notice that F'(z) = % for all x € V.
Using (3.1) and (3.4), we obtain

Ea c kn ’kn 7k.n
|EapcF(z,y,2)| = lim H bef (K"x, k"y, k" z)

n—00 k2n
(ke Ky, K )
< k2n -

| f(k") || fE) F(R"a)
nll)rgo k2n - F (J}) - nlggo k2n - k2n
2L (kg Kt ki)
= Z L2n+2i+2
=0

2 (kK ki)
< Z L2012
=0

forall z € V) i.e, F'(z) = lim, 0 % = F(x) for all x € V.
Case 2. Let ¢ satisfy (3.2). It follows from (3.3) that
i=n

2n i _ 1.2n4+2m x
1) =i ()
2ip( L 2i+2 z
() -1 ()|
n+m—1

n+m—1
9% x x x
Z k Ea,b,cf<ki+1a Eitl k,z‘ﬂ) H
=N

n+m—1
% x x x
(3.6) < Z k ‘P(ki+1vki+17ki+1>

IN




generalized 3-dimensional quadratic functional equations 39

for all z € V. So, it is easy to show that the sequence {k?"f(:%)} is a
Cauchy sequence for all z € V. Since Y is complete and f(0) = 0, the
sequence {k?"f(:%)} converges for all z € V. Hence, we can define a
mapping F: V — Y by

F(z):= lim k*"f <;n>

n—oo

for all x € V. Moreover, if we put n = 0 and let m — oo in (3.6), we
obtain the second inequality in (3.4). From the definition of F' and (3.3),

we get
2n T Y <
k Ea,b,cf<kn7 e’ k”) H

<l w2 Y2
< K ¢<k;n’kn’kn
=0

|EaqpcF(z,y,2)| = lim ‘
n—oo

for all z,y,z € V ie.,, DF(z,y,2z) = 0 for all z,y,z € V. By Lemma
3.1, f is a quadratic mapping. To prove the uniqueness, we assume now
that there is another mapping F’ : V' — W which satisfies the second
inequality in (3.4). Notice that F'(z) = k*"F’(;%) for all z € V. Using

(3.2) and (3.4), we get
k?n i _ anF/ i
i) e (i
f2n+2i roor T
ZZ; g (k.nJrz ’ kn+i ’ fn+i

N e
;k SO(kk:k)

=0

lim

n—oo ‘ n—o0

= lim‘

2 f (;) — F'(z)

IN

IN

forall z € V, ie, F'(2) = limyoo k" f (%) = F(z) forallz € V. O
The following corollary follows Theorem 3.2.

COROLLARY 3.3. Suppose that a,b,c are given as in Theorem 3.2
with |a+b+ c| # 1, and p, 0 are positive real constants with p # 2. If a
mapping f: X — Y satisfies the inequality

[Eapef(x,y,2) || < O(x]” + [ly[[” + [|=]")
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for all x,y,z € X, then there exists a unique quadratic mapping F' :
X — Y such that

(3.7) 1f(2) = F(z)]| <

for all x € X, where k :=a+ b+ c.

30| x|
k2 — [k[?|

Proof. First, consider the case |[a + b+ c| > 1. If we put ¢(x,y, z) :=
O(|z||P + |ly||” + ||z]|?) for all z,y,z € X, then ¢ satisfies (3.1) when
0 < p < 2 and ¢ satisfies (3.2) when p > 2. Therefore by Theorems 3.2,
we obtain the desired inequality (3.7). For the case |a +b+¢| < 1, we
can easily the inequality (3.7) by the similar method. O

Now, we will prove the stability of the functional equation (1.3) for
the case a + b+ ¢ = 0 in the following two theorems.

THEOREM 3.4. Let a,b and ¢ be nonzero rational numbers with a +
b+c=0and let ¢ : V3 — [0,00) be a function satisfying one of the
following conditions

. y ACIn IO
=0

(3.9) i cmlp((_xc)i, % 0) < 0

for all x,y € V. If a mapping f : V — Y satisfies the inequality (3.3)
for all x,y,z € V with f(0) = 0, then there exists a unique quadratic
mapping F': V — Y such that

(3.10)

If(z) = Fz)]| < {

Yoo w if ¢ satisfites (3.8),
Yoo c%p(ﬁ, ﬁ, 0) if ¢ satisfites (3.9)
forallz e V.

Proof. Since E,pf(x,y) = Eqpcf(x,y,0) for all z,y € V, we get the
inequality

(311) HECL,bf(x7y)|| S QD(.T,y,O)
for all x,y € V. Hence we obtain the unique quadratic mapping F :
V — Y satisfying the inequality (3.11) from Theorem 2.10 in [6]. O

Similarly the following theorem follows from Theorem 2.4 in [6].
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THEOREM 3.5. Let a,b and ¢ be nonzero rational numbers with a +
b+c=0and let ¢ : V3 — [0,00) be a function satisfying one of the
following conditions

. o
p(a'z,a'y,0)
(3.12) ZO o <o,

(3.13) Z-an (’0<a”a“0> < 00

for all x,y € V. If a mapping f : V — Y satisfies the inequality (3.3)
for all x,y,z € V with f(0) = 0, then there exists a unique quadratic
mapping F' : V — Y such that

Yoo % if ¢ satisfites (3.12),

x)— F(x)| < :
I17(z) @)l < Sorcoatp(4,0,0) If o satisfites (3.13)

forallxz € V.
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